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Abstract. Suppose O is a complete discrete valuation ring of positive characteristic 
with perfect residue field. The category of finite flat strict modules was recently 
introduced by Faltings and appears as an equal characteristic analogue of the classical 
I category of finite flat group schemes. In this paper we obtain a classification of these 

' modules and apply it to prove analogues of properties, which were known earlier for 

^ , group schemes. 

0. Introduction. 

! Throughout all this paper O is the valuation ring of a complete discrete valuation 

^ I field K with perfect residue field k of characteristic p > 0, Tk — the absolute Galois 
lO ' group of K and tt — a uniformising element of K. 

2 ■ If characteristic of K is 0, denote by FGr'(Zp)o the category of finite fiat com- 

Tj- . mutative group schemes G over O such that the order |G| is a power of p. Any such 
^ ! group scheme appears as a kernel of an isogeny of abelian schemes defined over O 
I and refiects important properties of these abelian schemes. 

' The classification of objects of the category FGr'(Zp)o was done in [Fol] under 

the restriction e = 1 on the absolute ramification index e = e{K) of the extension 
>• . K/Qp in terms of finite Honda systems (this classification was not complete for 
^1 p = 2, for an improved version cf. [Abl]). Further progress was done in papers 
I [Ab3] for e ^ p — 1 (group schemes killed by p), [Co] for e < p — 1 and, finally, in 

[Br] for an arbitrary e. 

Most interesting number theoretic application of the theory of finite fiat group 
schemes come from the study of the structure of the r^-niodule H = G{Ksep) of 
geometric points of G G FGr'(Zp)o. We mention the following three results: 

A. Serre's Conjecture (proved in [Ra]). 

This result describes the action of the inertia subgroup Ik C Tk on the semi- 
simple envelope of H. It is given by characters x '■ — ^ k* such that for some 

N eN, x = Xn^ where Xn{t) = t{7in)/tin, t^n = a = uq + aip ^ h 

aN-iP^~^ with p-digits ao, ai, . . . , qn-i G [0, e]; 

B. Ramification estimates. 

If p^ id-G = then the ramification subgroups F^-* of Tk act trivially on H if 
V > e{M - 1 + l/{p - 1)), cf. [Fo2]; 

C. Complete description of F k -module H (in the case e — 1, p > 3 and pH = 0); 



If e = 1, p > 3 and Fpfr^^-] -module H satisfies the above Serre's Conjecture and 
the ramification estimates (i.e. the ramification subgroups act trivially on H 

ifv> — y)' ^^^^ there is an G e FGr'(Zp)o such that H = G{Ksep), cf.[Ab3]. 

Suppose now that characteristic of K is p. In this case a reasonable analogue of 
the concept of finite fiat group scheme would give a way to study kernels of isogenics 
of Drinfeld modules. This analogue should appear as a finite fiat commutative 
group scheme G with continuous action of a closed subring Oq = Fq[[7ro]] C O. The 
notion of Oo-module scheme was not very helpful until Faltings introduced in [Fa] a 
concept of strict Oo-action. The main idea of Faltings's definition can be explained 
as follows. 

Suppose G = Spec A is a finite flat Oo-module over O. Present A as a quotient 
0[Xi, . . . ,Xn\/I of a ring of polynomials by an ideal / and define a deformation 
as 0[Xi, Xn]/il ■ /o), where /q = (Xi, . . . , X^). Faltings requires that Oo- 
module structure on G, which is given by endomorphisms [o] : A — > A, o & Oq, 
should have an extension to an Oo-module structure of the deformation (A, A^) 
of the algebra A and this extension must satisfy the condition of strictness. This 
means that if [o]'' : A^ — )• A^ is an extension of [o] for o e Oq, then [o]^ must 
induce multiplication by o on Iq/Iq and // (I-Iq). This definition gives the category 
FGr'(Oo)o of strict Oo-modules and its objects have many interesting properties 
discussed in [Fa]. 

In this paper we study number theoretic properties of strict Oo-modules. In n.l 
we present a concept of strict Oo-module in a slightly different but an equivalent 
to the original definition by Faltings way. In n.2 we describe the category of strict 
Fg-modules over O and apply this in n.3 to the classification of objects of the 
category FGr'(Oo)o- This classification does not depend on the ramification index 
of K over Frac Oo = Kq and requires only the study of primitive elements (i.e. the 
elements a e A{G) such that Aa = a(8)l-|-l(8)a where A is comultiplication) of 
the O-algebra A{G) of O G FGr'(Oo)o- Wc apply then this classification to prove 
that any object of FGr'(Oo)o can be embedded into a TTQ-divisible group over O. 
This section contains also a comparison of our anticquivalence with parallel results 
in the theory of finite fiat group schemes and p-adic representations in the mixed 
characteristic case from papers [Abl,3], [Br] and [Fo4]. In n.4 we establish precise 
analogues of the above properties A, B and G in the category FGr'(Oo)o- 
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1. Definition and simplest properties. 

Let O be the valuation ring of a complete discrete valuation field K with perfect 
residue field k of characteristic p > 0. All O-algebras are assumed usually to be 
finite, i.e. to be free O-modules of finite rank. 

1.1. Deformations of augmented O- algebras. 

For an augmented O-algebra A, we agree to use the following notation: ea '■ 
A — > O — the morphism of augmentation; KersA = Ia — the augmentation 
ideal; ^'"'^ = \itsiA/I\ — the /^-completion of A; rjA ' A — > A^°'^ — a natural 

n 

projection. Notice, the correspondence A i— > A^°'^ is functorial. 
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The objects of the category DAlg^ are the triples A = {A,A^,i^), where A 
is a finite O-algebra, A^ is an O-algebra such that there is a polynomial ring 
0[X] = 0[Xi,...,X„], n ^ 0, and its ideal / such that A^"^ = 0[X]/I and 
A^ = 0[X]/{I . Jo) with Jo := (Xi, . . . , X^) D /, and ia ■ A^ — > A^"'' is a natural 
epimorphism of 0-algebras. 

A morphism / = (/,/'') : A — > B = {B,B^,iB) in DAlg^ is given by a 
morphism of augmented O-algebras f : A ^ B and an O-algebra morphism 
f : A^ — > B^ such that o ^ f oi^. 

In the category DAlgQ, O = (0,0,ido) is an initial object and any A = 
has a natural augmentation to C, e^. = (cat^a^) • «^ — ^ ^i where 
Kere^b = Ann(Kerz_4) := /^b. 

Notice that the O-modules t\ = /o/-^o (this module is free) and A^^ ~ I /{I ■ Iq) 
do not depend on the choice of the covering O [X] — > A^ . Indeed, the first coincides 
with Ij^b //^b and the second — with Ker z_4. 

U A = {A, A\ iA) and B = {B, B\ is) are objects of DAlg^ and / : A — > B 
is a morphism of augmented O-algcbras, then the set of all such that (/, /^) G 
HomoAigo («^) ^) is not empty and has a natural structure of a principal homoge- 
neous space over the group Homo -mod (^^5 -^b)- 

The deformation A = {A, A^, iA) of A will be called minimal if ia induces iso- 
morphism of onto Ia/I\ ® k. In other words, / is minimal if minimal 
systems of generators of O-algebras A^ and A^'^'^ contain the same number of el- 
ements. It is easy to see that if A is minimal. A' = (A, e DAlg^ and 
/ = (id^, /'') e HomDAigo then there is an ^ e HomDAigQ A) such that 
f o g = id A- In particular, all minimal deformations of a given O-algebra A are 
isomorphic in DAlg^. 

Let DAlg^ be a quotient category for DAlg^: it has the same objects but its 
morphisms are equivalence classes of morphisms from HomDAigo B) arising from 
the same O-algebra morphisms / : A — )• B. Then the forgetful functor A = 
{A,A^,iA) I— > ^ is an equivalence of DAlg^ and the category of augmented finite 
O-algebras. 

1.2. Deformations of affine group schemes. 

Let DScho be the dual category for DAlg^. Its objects appear in the form 
n = Spec A = {H,H\in), where H = Spec A and = SpecA^ are finite flat 
O-schemes, A = {A,A^,iA) e DAlg^, and iu '■ H ^ is a. closed embedding of 
O-schemes. This category has direct products: if for i = 1,2, Ai = 
with = 0[Xi]/I, A\ = 0[Xi]/{Ii ■ loi), then the product Spec^i x Specks is 
given by Spec(^i 0^2), where Ai®A2 := {Ai^o A2, [Ai^o A2)^ , k), {Ai®oA2)^ 
is the quotient of 0[Xi (g) 1, 1 (8) X2] by the product of ideals /i (g) 1 -|- 1 (8) /2 and 
Iqi (S> 1 + 1 ® Iq2 and k is the natural projection. Notice that for i = 1,2, two 
projections pr j from this product to its components Spec Ai come from the natural 
embeddings of 0[Xi] into 0[Xi ® 1,1 ® X2]. 

Let FGro be the category of group objects in DSch^j. If ^ = Spec^ e FGro 
then its group structure is given via comultiplication A = (A, A'') : ^ — > A® A, 
counit e = {e,e^) : A — > O and coinversion i = : A — > A morphisms, which 

satisfy usual axioms. The morphisms in FGro are morphisms of group objects. As 
usually, FGro is an additive category. 

Notice that 
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a) G = Spec^ is a finite flat group scheme over O with comultipihcation A, counit 

e and coinversion i; 
h) s = £_4, cf. n.1.1. 

c) the counit axiom gives for i = 1, 2, A^ o pr^ = id^t and implies a uniqueness of 
A*" as a hfting of A; 

d) if ^ = {A, A\ ia) e DAlgo and G = Spec A is an affine group scheme then there 
is a unique structure of group object on Spec A compatible with that of G; 

e) ii f : G — > if is a morphism of group schemes and {f,f'") G HomDScho ^) 
then (/,/^) eHomFGro(^?,^)- 

The above properties have the following interpretation. Define the quotient 
category FGr^ as the category consisiting of the objects of the category FGro 
but where Hompcrj, ^) consists of equivalence classes of morphisms from the 
category FGro which induce the same morphisms of affine group schemes G ^ H. 
Then the natural functor ^ i— > G is an equivalence of categories. We can use 
this equivalence to define the abelian groups of equivalence classes of short exact 
sequences Ext(^,7^) in FGro- These groups are functorial by both arguments and 
there are standard 6-terms exact Hom — Ext-sequences. 

1.3. The categories of strict R-modules. 

Suppose i? is a ring and O is an i?-algebra. 

Suppose Q is an i?- module object in the category DScho- Then Q is an object 
of FGro and there is a map R — > Endpcrol^) satisfying the usual axioms from 
the definition of i?-module. For r E R and Q = Spec^, denote by [r] = ([r], [rf') 
the morphism of action of r on ^ = {A,A^,ij\^). Clearly, G = Spec A is an R- 
module in the category of finite fiat schemes over O. For any such G, the i?- module 
structure on the deformation (G, G^, i) G FGro is given by hftings [r]^ : A^ — ^ A^ 
of morphisms [r] : A — > A, r G i?. Notice that [r]^ are morphisms of augmented 
algebras. All such liftings are automatically compatible with the group structure 
on this deformation, i.e. for any r G i?, it holds [r] o A'' = A o ([r] (8) [r]). So, the 
above system gives an i?- module structure if and only if for any ri, r2 G R, 

[n + r2]^ = o ([n] ® [r2])^ [rira]^ = h] o [r^]^ (1) 

where ([ri] (8) [r2\Y is induced by [ri]'' [?'2]''- 

We denote by FGr (i?)o the category of such i?-module objects Q where in- 
action is strict, i.e. if ^ = Spec^ then any r E R acts on and A^_4 via scalar 
multiplication by r. This is a basic definition from Faltings' paper [Fa]. 

Suppose Qi — (G, G\, ii) G FGro and Q2 = (G, G2, ^2) G FGro are two deforma- 
tions of a finite flat group scheme G over O. By 1.2, ^1 and G2 are isomorphic in 
the category FGro- Suppose Qi is cquiped with the strict i?-action. Then there is 
a unique (strict) i?-action on Q2 such that any (ido, (p) G HomFCro (Si, Q2) and any 
(idc^) G HompGro (^2, ^1) are, actually, morphisms in the category FGr(i?)o- 

Denote by FGr* (i?)o the quotient category of FGr (i?)o where morphisms are 
equivalence classes of morphisms (G, G'', i) — > {H, ,j) in the category FGr(i?)o 
inducing the same morphism G — > H. By the above property, all isomorphism 
classes of objects in FGr(i?)o appear as i?-module finite fiat schemes G together 
with a lifting of its i?-action to some chosen deformation G^ which satisfies the 
above conditions (1). 
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For example, ii q = p'^ with n gN, the objects of the category FGr(Fq)o appear 
as Spec^, where A = (A, = and = 0[X]/{I_- Iq), and Fr- 

action is induced by the scalar action of Fg on 0[X] (i.e. [q;](X) = aX, a G Fg) and 
there are generators ji, . . . , of the ideal / such that [a]ji = aji for alH = 1, . . . , n 
and a e F^. 

If R = Fq[7r] with an indeterminate tt and Q e FGt(R)o then Q e FGr(Fq)o and 
(in addition to the above assumptions) i?-action will be determined completely by 
the action of tt given by the correspondence 

X^ [n]{X) =TrX + F{X) 

where F is any vector power series with coefficients in O from Iq such that F{aX) = 
aF{X) for all a G Fg. This action is strict iff [Trjjj = 7rjjmod(/ • Iq) for the above 
generators ji, . . . , jn of /. 

1.4. Suppose i : Qi — > ^ is a closed embedding of strict i?- modules. Then 
the quotient Q2 = Q/Qi has a natural structure of a strict i?-module scheme and 
the projection j : Q — > Q2 is a morphism in the category FGr{R)o- Similarly, if 
j : Q — > Q2 is a fully faithful morphism of strict i?-module schemes then its kernel 
Qi is a strict i?-module and its (closed) embedding i : Qi — > ^ is a morphism from 
¥Gt{R)o. 

Notice that for any Q = {G,G^,ig) G FGr(i?)o, the short exact sequence of 
group schemes 

— > G^"^ — >G — > G^* — > (2) 

(here, is the maximal local subgroup scheme of G and G®* is the maximal etale 
quotient of G) induces a short exact sequence in FGr (i?)o 

— > ^1°^^ — >g — ^g""^ — ^ (3) 

where ^^"^ = (G^^^G^), = (G^t,SpecO). 

Finally, notice that over the valution ring Oi of some unramified extension Ki 
of K, G«=* Oi is constant, i.e. A{G^^) ® Oi = Map(Jf^\ Oi) with i?^* = G^^^i)- 
This also implies the existence of a finite extension K[ of K such that the short 
exact sequence (2) (as well as (3)) splits over the valuation ring of K[. 

2. Group schemes with strict Fg-action. 

As earlier, O is the valuation ring of a complete discrete valuation field K of 
characteristic p with perfect residue field k, q = p^° with A^o £ N. In this section 
we assume that O is an Fg-algebra (then Fg C A; and O ~ ^[[tt]], where tt is 
a uniformiser in K) and study the full subcategory FGr'(Fg)o of the category 
FGr(Fg)o consisting of strict finite Fg-modules G over O with etale generic fibre. As 
it was noticed in n.l, its objects appear as finite fiat group schemes G = Spec A(G) 
over O with Fg-action such that A{G^°'^) (or even A{G)) can be presented in the 
form 0[X]/I in such a way that Fg-action on G is induced by a scalar Fg-action on 
coordinates of X and on some system of generators of the ideal /. 
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2.1. The category Modo,ij and the functor Gr. 

Let a : O ^ O he the endomorphism of q-th. power. For any 0-module M, set 
Ma- = M (8)0 O where an 0-module structure on O is given via a. Objects of the 
category Modo^o- are free O-modules M of finite rank with an O-hnear morphism 
$ : Mfj M such that its X-hnear extension is an isomorphism of i^T-vector 
spaces Ma,K — Ma<^oK and Mk — M^qK. Morphisms in Modo,<7 sixe morphisms 
of O-modules commuting with ^-action. 

For an M e Modo.a, introduce the 0-algebra 

A[M] = Symo M/{$m - m®« | m e M} 

In other words, if mi,...,mn is an O-basis of M and = '^jOij'mj (where 

det(o,,) ^ 0), then A[M] = 0[Xi, . . . , . . . , V'n), where tl^i = X/-^^. o,,X,-, 

i = 1, . . . , n. This O-algebra A[M] does not depend on the choice of a basis 
mi, . . . , nin and gives rise to the strict finite flat Fg-module scheme G[M] — Spec A [M] 
with comultiplication A such that A{Xi) — Xi ^ 1 + 1 ^ Xi and an F^-action such 
that [Q!](Xj) = aXi, where a e Fg, i = 1, ...,n. The equality ^{M^^k) = Mk 
implies that the generic fibre of G[M] is etale, and therefore, G[M] e FGr'(Fg)o. 
Identify M with its image in A[M] via the natural map 1— > Xj, z = 1, . . . , n. 

Proposition 1. 

a) M = {m e A[M] \ Am = m(8)l + l(8)m, [a]m = am, a e ¥q}; 

b) the natural inclusions Mi C ^[Mj], z = 1,2, induce the identification 

HomModo..(A^l, Af2) = HomFGr(FJo(G'[^2],0[Mi]). 

This proposition implies that the correspondence M 1— > 0[M] induces a fully 
faithful functor Gr : Modo,<T — ^ FGr'(Fq)o- The rest of this section will be 
devoted to the proof of the following theorem. 

Theorem 1. The functor Gr is an antiequivalence of categories. 

Notice that the correspondence Gr®K : Mk ^ G[M]{Ksep) is an antiequiva- 
lence of the category of u-etale K-modules and the category of Fgpi^fj-modules, cf. 
[Fo4]. 

2.2. Later we need the following property of the Hochschild cohomology of group 
schemes G[M]. 

Lemma 1. With the above notation suppose that a G y4.[M]i^ is such that 5^a : = 
A(a) - a®l - I® a e A[M] ® A[M] and [a]a = aa for all ae¥q. Then there is 
an a' e A[M] such that 5'^ a = S'^a' and a — a' & Mk- 

Proof of Lemma 1. Let 5+ = 5+®k : A[M]k — > ^[M]f ^ where A[M]k = A[M]®k. 
It will be sufficient to prove that 

{h e A[M]k I S+b = 0, [a]b = ab, Va e FJ = Mk (4) 

Note that 
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is a A;-basis of ^[M]fc and 

{Xi\..Xi-^Xi'...Xlr \ 0^ju...,jn,li,...,ln<q} 

is a fc-basis of ^[M]®^. Now the equality (4) is implied by the following 3 observa- 
tions: 

a) for any ^ iij...,in < q, S'^ {Xl^ . . . X^^) is a linear combination of 
Xf . . . X^" X['... X^" with ji,...JnJi,---,ln > such that ji + /i = H, 

• • • 1 jn ~^ In 

b) if ^ ai^_,,i^X\^ . . . Xl^ e Ker 5'^ then for each multi index (ii, . . . , 

0<ii,...,i„<q 

either = 0, or 5+{X\^ . . .X^-) = 0; 

c) for any ^ zi, . . . , z„ < q, 5+(X;^ . . .X;-) = iff 
Xj^ . . X;- G {Xf I 1 ^ s < n, ^ t < iVo}- 

2.3. For G e FGr(Fq)o, let 

L(G) = {a e I Aa = a(g)l + l(g)a, [a]a = aa, Va G Fg}. 

Clearly, the above lemma implies that if M e Modo,cr, then L{G[M]) — M. 

The following lemma can be proved directly from the above definition of L{G). 

Lemma 2. 

a) // Oi is a complete discrete valuation ring containing O, then 
L{G®Oi) ^L{G)®Oi; 

b) For any two objects Gi and G2 o/FGr(Fg)o, it holds 
L{GixG2) = L{Gi)®L{G2). 

The q-th. power map on A{G) induces ^ : L{G)a — > L{G) which provides L{G) 
with the structure of an object of the category Modo.o-- Indeed, if H = G{Kaep) 
with the natural structure of F^fFi^j-module, then L{G)k = Hom^^frjc] -mod(-f^) -f^sep) 
and 

Im$K = Hom]F_^[r^].mod(-H", c^(-f^sep)) ®a{K) K = L{G)k 

because a(ii:sep) ®<t{k) K = Ksep- 

The correspondence L : G ^ L{G) is the functor from FGr'(Fq)o to Modo^^r. 
Clearly, the composition Gr oL is equivalent to the identity functor on M.odo,a- So, 
Gr is an antiequi valence (with the quasi- inverse functor L) if any G e FGr'(Fq)o 
is isomorphic to G[M] for a suitable M G Modo,a- When proving this property we 
can enlarge (if necessary) the basic ring O by the following lemma. 

Lemma 3. If O' is a complete discrete valuation ring containing O and G G 
FGr'(F5)o then G ~ G[M] with M G Modo,^ if and only if G ® d ^ G[Mi] for 
some Ml G Modoi,<T- 

Proof. Clearly, if G ~ G[M] with M G Modo,a, then G ® Oi ~ G[M ® Oi]. 

If G ® Oi ~ G[Mi] with Ml G Modo.a, then Mi ~ L{G ® d) = L{G) ® d, 
therefore, G ® Oi ~ G[L(G)] ® Oi and the natural inclusion G[L(G)] C G is an 
isomorphism. Lemma 3 is proved 

2.4. ¥q-module schemes of order q. 
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Proposition 2. Suppose G is an ¥g-module scheme of order q such that G ® K 
is etale and ¥q acts on the cotangent space t^ via scalar multiplication. Then 
G = G[M], where M = Om and $m = Am with some X & O, X (in particular, 
G is a strict ¥ q-module) . 

Proof. Let Iq — Kerec (where cq is the counit morphism). If Iq — Iq then G is 
etale and over some bigger (unramified over O) basic ring Oi, G ^ Oi is constant, 
i.e. G (g) Oi ~ G[Mi], where Mi = Oirm and $(mi) = mi. Therefore, G ~ G[M] 
where M (g) Oi ~ Mi, i.e. M = Om, m = ^mi with ^ e and $m = Am with 
A = ^9-1 G onot = O*. 

Suppose now that Iq Iq- Consider the decomposition Iq — ®i^n<qlG,n, 
where an a e Fg acts on lG,n via multiphcation by 

Because = Ig/Iq 0' rko/c,! ^ 1 and, therefore, for all 1 ^ n < q-, 
rko /G,n ^ 1 (if 2; G -^G,i, 7^ 0, then x"^ 7^ and G ^G,n)- So, all these ranks 
are equal to 1 and, if Ig,i = xO, then the equality Iq = Ig,i + Iq implies for all 
1 ^ n< g, lG,n = x'^O. 

Finally, x'^ G Ig,i and a;^ = Aa; for some A G O. Clearly, A 7^ because G ® K 
is etale. This proves that A{G) = A[M] with M = Om, $m = Am. 

Suppose Ax^x0l + l^x + 5. Then 5'^ = A5 and 5 G (x x)A{G) ® A{G). 
This implies easily that 5 = 0. It remains to note that by the choice of x, [cuja; = ax 
for any a G F^, and this action of ¥q is strict. 

Definition. We shall denote by fix the F^-module scheme G[M] from the above 
proposition. 

2.5. Suppose G G FGr'(Fq)o satisfies the following four assumptions: 

1) G = O'''^; 

2) there is a short exact sequence in the category FGr'(Fq)o 

— >iix^G — ^Gi — ^0 

where A G O, A 7^ 0; 

3) the above exact sequence splits over K, i.e. there is a F^-invariant section of 
the projection of Fq[rx] -modules G{Ksep) — ^ Gi{Ksep)] 

4) there is an Mi G Modo,^ such that Gi ~ G[Mi]. 

Proposition 3. With the above assumptions l)-4-), there is an M ^ Modo,CT such 
thatGc^G[M]. 

Proof. Let A^nx) = 0[u] with u'^ = Xu, Au = u^l + l<^u, [a]u = an for a G ¥q. 
Suppose the closed embedding i : nx — G is given by the O-algebra morphism 
i* -.A — > A{fxx)- Set A = A{G) and B = A{Gi). Then 

s = Ag o (z* ® id^) : A — > A{fix) ® A 

is the coaction of nx on A and B = A^^ = {a E A \ s{a) = 1 (S> a}. 

Choose an ao G A such that i*{ao) = and [a]aQ = for all a G F^. Set 

s(ao) = l®aQ-\-u®ai-\- h u^~^ ® a,q-i 

where ai, . . . , a^-i G A. Then for any a G Fg and m = 1, . . . , g— 1, [oi\am = a~'^am 
and the identity 



(id®r)(s(ao)) = A(rao) = A(w^-^) = (w ® 1 + 1 ® w)""^ 
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implies that z*(aq_i) = 1 and z*(ag_2) = —u. Therefore, a^-i e A* (because 
A = A'-°'^) and A = B[aq-2\ (because aq_2 generates A modulo a nilpotent ideal 
IbA). 

The equality 

1 (g) s(ao) + u<Si s{ai) + h u'^~^ (g) s(aq_i) = (id0s)(s(ao)) 

= (A(8)id)(s(ao)) = 1 (8) 1 (8) oq + (tt <8) 1 + 1 (8) w) (8) ai H h (tt® 1 + 1 (8tt)^~"^ (8 a^-i 

implies that s(ag_i) = 1 (8> flg-i and 5(0^-2) = 1 (8 0^-2 — u<S> ciq-i- 

Therefore, ag_i e S n ^* = S* and for 9 = -aq-2/aq-i, we have A = B[$], 
s{e) = 1 (8) 6* + w (8) 1, [a]9 = a9 for a e F^, and 9'^ - X9 = b e B. 

Notice also that 5~^9 = A9 — 9 ®1 — 1 ®9 ^ B ® B, because this is a {fix x jix)- 
invariant element oi A® A. 

From condition 3) it follows the existence of ?; e Ak such that i*{y) — u, 
v'^ = Xv, Av = v(8l + l(8)v and [a]v = av for a e ¥q. Therefore, denoting the 

linear extension of s by sk, we have sxiv) = 1 <S> v + u <S> 1- This implies that 
9 -V = bo E B®K, and 5+bo = S+9. 

Therefore, by the property of Hochshild cohomology from the end of n.2.1, there 
is a 61 E B (with the property [a]bi — abi, Vet e F^) such that 5'^bi = 5'^ 9 
and replacing ^ by ^ — 61 we can assume that = 9 <Si I + I ® 9. Therefore, 
M = Mi + 09 e Modo,a, A = A[M] and G = G[M]. The proposition is proved. 

2.6. Now we can finish the proof of Theorem 1. 

Suppose G G FGr'(Fg)o is of order , N E N. As it was noticed in n.2.3, it will 
be sufficient to prove that G ^ (^[M] for a suitable M G Modo.a-- When proving 
this property we can enlarge (if necessary) the basic ring O. 

Apply induction on N. 

The case = 1 follows from Proposition 2 in n.2.4. 

Suppose that G G FGr'(Fg)o is of order and any F^-module scheme of order 
q^~^ appears in the form G[Mi] with Mi G Modo,a- By n.1.4 and Lemma 2b), it 
will be sufficient to consider the following two cases: 

a) G = G^^ 

In this case we can enlarge O to assume that G is a constant group scheme, where 
the property G ~ G[M] with M G Modo.o- is obviously true. 

b) G = Gi°^ 

In this case enlarge O to be able to assume that G®K is constant, i.e. H = G{KsQp) 
has a trivial Fi^r-action. Choose a 1-dimcnsional F^-subspace H2 in H. It gives rise 
to a short exact sequence of F^-module group schemes 

— >G2 — >G — >Gi — >0 

where G2(A:sep) = H2. 

Because G is a strict F^-module, F^ acts on and, therefore, on , via scalar 
multiplication. By Proposition 2, G2 ^ IJ,\, A G 0,A 7^ 0, belongs to FGr'(Fg)o 
and, therefore, Gi G FGr'(Fg)o, cf. n.1.4. By induction, we have Gi ~ G[Mi], 
Ml G Modo,a. 

Finally, G satisfies the properties l)-4) from n.2.5 and by Proposition 3, G ~ 
G[M] for M G Modo,a- The Theorem is proved. 
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3. Group schemes with strict Oo-action. 

In this section R — Oq is the valuation ring of a closed subfield Kq of K with 
finite residue field Fg, g = p"^, n e N. Fix a choice of uniformising element ttq in 
Ko. So, Oo = Fg[[7ro]]. 

3.1. Denote by FGr'(Oo)o a full subcategory in FGr(Oo)o consisting of objects 
killed by some power of [ttq] . This is an analogue of the classical category of p-torsion 
finite fiat group schemes over the valuation ring of a complete discrete valuation 
field of mixed characteristic. 

Let Mod(Oo)o be the category, consisting of M G Modo,a with Oo-module 
structure given for o e Oq by endomorphisms [o] G EndModo a i^) such that for 
all m G M, [ctjm = am if a G Fg C and [vr^jm = for suflBciently large N. 
Morphisms in the category Mod(Oo)o are morphisms of the category Modo cr which 
commute with all endomorphisms [o], o G Oq- In other words, any M G Mod(Oo)o 
is a free O-module M of finite rank equiped with 

a) an 0-linear map $ : — > M such that $ K is isomorphism; 

b) an O- linear nilpotent endomorphism [ttq] : M — > M commuting with 

We shall denote by Mod'(Oo)o a full subcategory of Mod(Oo)o consisting of 
objects M such that 

c) for any m G M, [7ro]m = 7rommod^{M^). 

The category Mod(Oo)o is not generally abelian. But similarly to the category 
FGr'(Oo)o7 one can work with short exact sequences in Mod(Oo)o- The sequence 
of objects and morphisms in Mod(Oo)o 

— ^Mi^M^Ma — ^0 

is exact if and only if z is a pure morphism of 0-modules (i.e. M/i{Mi) has no 
0-torsion) and j is epimorphism of O-modules with kernel i{Mi). This allows to 
define O-modules of equivalence classes of short exact sequences which satisfy the 
usual functorial properties. 

3.2. Let i : FGr(Oo)o — > FGr(Fg)o be the forgetful functor. 
Proposition 4. IfQ e FGr'(Oo)o, then i{g) G FGr'(Fg)o. 

Proof. Indeed, if 6? = (G, G^) then Oq acts via a scalar multiplication on t*^^ . This 
implies that is killed by some power of ttq and, therefore, t^^K = to ® ^ ~ ^i 
i.e. G ® K is etale. The proposition is proved. 

Let L : FGr'(Fg)o — > Modo,a be the functor from n.2. For any G G FGr'(Oo)o, 
L{i{Q)) has a natural structure of an object of the category Mod(Oo)o- We denote 
by L the functor from FGr'(Oo)o to Mod(Oo)o induced by the above correspon- 
dence Q 1-^ L{i{Q)). 

Theorem 2. The functor L induces antiequivalence of the categories FGr'(Oo)o 
and Mod'(Oo)o- 

Proof Let G G FGr'(Oo)o and M = L{g) G Mod(Oo)o. Considering M as an 
object of Modo,CT we can recover the F^-module scheme i{Q) in the form G[M]. 
This reduces the proof of our theorem to the following statement: 



10 



Proposition 5. Q is a strict Oo-module iffM satisfies the condition c) from n.3.1. 



Let Q''"'^ be the maximal local subobject in Q and M^""^ = L{Q^°'^). Then the 
natural projection M — > M^°^ induces isomorphism of (Oq, 0)-modules M/^{M^) 
and M^°7$(M^°'^). So, it will be sufficient to prove the above proposition for a local 
Q. Under this assumption choose a vector column ffi — (mi, . . . , ninY such that its 
coordinates create an O-basis of M = L{Q) and set $m = Cm and [TTojm = Dm, 
where C,D & M^(0) are n x n-matrices with coefficients from O. 

Lemma 4. The above matrices C and D give a structure of an object of the cate- 
gory Mod'(Oo)o on M if and only if 

1) detC ^ 0; 

2) D is nilpotent and a{D)C = CD; 

3) there is a B e Mn{0) such that D - iroEn = BC. 

Proof. Indeed, 1) means that $(Mo-) is a lattice in the O-module M. 

Property 2) means that M is [yroj-torsion and the morphisms $ and [ttq] commute 
one with another. Indeed, ($ o [7ro])(m) = [7ro]($m) = CDffi and ([tt] o $)(m) = 
a{D)Cm. 

Notice that the coordinates of the vector Cm generate the O-module ^>(Mo-). 

So, the coordinates of [7ro](m) — TTQfh belong to ^(M^) if and only if there is an 
B eMn{0) such that D - tto-E^ = BC. 
The lemma is proved. 

Remark, a) M = M^*"^ if and only if C is cj-nilpotent, i.e. there is an A?" e N such 
that (J^(C)...ct(C)C-0; 

b) the above properties 1) and 3) imply that ^{D) — ivoEn = CB. 

With the above notation and agreements let G — (C, C''), where A{G) — 0[X]/I 
and A{G'") = 0[X]/{I ■ Jq), where X — (Xi, . . . , Xn) and the ideal / is generated 
by the coordinates of the vector X^ — CX. 

Then A{G) has an O-basis {X^^ ■■■^n" I ^ cii,...,an < q} and this ba- 
sis can be completed to an O-basis of A{G^) by joining the elements of the set 
{X,^ I 1 ^ i ^ n}. 

The action of Oq is given by [no]X = DX on A{G). This action is strict if and 
only if it can be extended to A{G^) via the relation 

[7ro]X ^DX + B{X'i - CX) 

with some B G M^(0) in such a way that it induces the scalar multiplication by 
TTo on t^(Qb) and iV^(Gb)- 

The first condition is equivalent to the equality D — BC — noEn. 

The second can be analysed as follows, 

[ttoI^X^ - CX) = {[TTotX)'^ - C([7ro]^X) = {<7{D) - CB){X'i - CX) 

and is equivalent to the matrix equality uD — CB = ttqE^. 

So, Proposition 5 and Theorem 2 follow from Lemma 4 and the above Remark 

b). 

3.3. Clearly, the antiequivalence L transforms short exact sequences in FGr'(Oo)o 
to short exact sequences in the category Mod'(Oo)o,CT- In particular, we have the 
following property. 
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Proposition 6. Suppose ^1,^2 e FGr'(Oo)o and f e HomFGr'(Oo)o (^i' ^2)- 

Then 

a) f is a closed embedding if and only if L{f) is surjective; 

b) / is fully faithful if and only if L{ f) is a pure embedding. 

Suppose for n e N, ^^'^^ G FGr'(Oo)o, in : Q'^''^ — ^ ^^""^^^ is a closed im- 
mersion, jn : ^*^"+^) — > is a fully faithful morphism. For m > n, set 
inm = in ° ■■ ■ ° im-1 and jmn = jm-1 ° ' ' ' ° jn- Then (following the original 
deinition of Tate) {^*■"^^n5 in} is a TTo-divisible group in the category FGr'(Oo)o 
if for any m > n, {g^'^\inni) = KerfTTo"] idg;(^) and [tt^"*"] idg(^) = jmn ° inm- 

Similar definitions can be done for the category Mod'(Oo)o7 where a TTo-divisible 
group appears as the collection {M'^"\i„,j„} where in is a pure embedding of 
underlying O-modules M^"^^ — > M*^"+^) and jn M^'^'^^^ — > M^"^^ is a surjection 
of O-modules. 

3.4. Clearly, the functor L from Theorem 2 transforms TTo-divisible groups in the 
category FGr'(Oo)o to TTo-divisible groups in the category Mod'(Oo)o- 

Theorem 3. For any object Q of the category FGr'(Oo)o; there is a iro-divisible 
group {Ti-^"'\inijn}n^i o,nd a closed embedding Q — > Ti.^^\ where N & N is such 
that [tt^] idg = 0. 

Remark. The statement of the above theorem is equivalent to the existence of a 
TTo-divisible group {'H'^^\in, jn}n'^i and a fully faithful morphism H'^^^ — > Q. 

Proof. The ant iequi valence L allows us to prove the dual version of this theorem 
in the category Mod'(Oo)o- 

Let M e Mod'(Oo)o and let iV e N be such that [tt^]M = 0. Use induction on 

N. 

Suppose first, that N = 1. 

Then M is a free O-module with cr-linear $ : M^j — > M such that ttqM C 
$(Mcr) C M. Choose an O-basis nii, . . . in M and take a vector column 
m = (mi, . . . , ■ Then $m = Cm, where C G M„(0) is a divisor of noEn- Let 
C G M„(0) be such that CC = tto-E„. 

For I G N, introduce free O-modules M^'^ with free generators 

{m[f,mif I 1 ^n,l ^1} 

Let fh'f'' = 771^2^ = and for /c ^ 1, let 77i[^'' = (m^^\ . . . , m^^^)* and 
rh^^ — [m^i , . . . ,m^jY . Define O-linear morphisms $ : M^^* — > M^^^ and 
[tto] : M — ^ M by setting for 1 ^ ^ Z, 

^fh['^ = Cmf^ + mf-'\ $m?^ = Cfhf^ + fhf^ 

and [TTojm^^'' — i7i{ [TTojmj'^'* = rh^ ^\ 

It is easy to see that we defined a structure of objects of the category Mod'(Oo)o 
on all M^^), I G N, and the system {M^'^}^^! together with the natural inclusions 
in : M^'^ — > M^"^^^^ and projections ji : M^'-^^^ — > M^^^ gives a TTQ-divisible 
group in the category Mod'(Oo)o- Clearly, the correspondences m^^'* 1— > and 
fh^'^ H- > m give an epimorphic map from M^^^ to M. The case A'^ = 1 has been 
considered. 
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Suppose > 1 and Theorem 3 has been proved for all M' e Mod'(Oo)o such 
that [ttoI^-^M') = 0. 

Let Ml = Ker[7ro]^-^ idM and M2 = [7io]^~^{M) C M. Then Mi and M2 have 
natural structures of objects of the category Mod'(Oo)o and in this category we 
have a natural short exact sequence 

e: — > Ml — > M — > M2 — >0 

(Notice that, generally, the embedding M2 C M is not pure). By induction, there 
is a TTQ-divisible group {T^'^\in-, jn}n^i and pure embeddings a : Mi — > T^^~^\ 
(3 : M2 — T^^\ Consider the short exact sequences 

a^e: — > T^^-^) — , a*M ^ M2 ^ 

and 

(3*^ : t(^-i) /3*t(^) 2^ M2 ^ 
where the second sequence is obtained via /? from the standard short exact sequence 

Notice that there is a pure embedding M — > a^M. Notice also that in the both 
sequences a^e and /3*r]N, the epimorphic maps ja and jp are induced by multipli- 
cation by [tt,^"^]. In other words, the endomorphism [tt^"^] on a^M and, resp., 
on /3*T^^^ is a composition of ja and, resp., of jp with the natural inclusion of M2 
into a^M and, resp., into j3*T^^^ (which is induced by the embedding M2 C T*^^)). 
Let _ 

, y(iV-l) ^ ^ ^ Q 

be the difference of a^e and /3*?7Af considered as elements of the group 
ExtMod'(Oo)o(-^2,r(^-^)). It is easy to see that [kq~\M) = and there is 
an Ml e Mod'(Oo)o) a surjective map j and a pure embedding i such that 

/?*T(^) e M Ml ^ a*(M) 

By inductive assumption, there is a pure embedding of /3*T^^^ © M into a TTQ- 
divisible group in the category Mod'(Oo)o- This implies easily the existence of such 
an embedding for q;*M and, therefore, for M. 

Theorem 3 is proved. 

3.5. Relation to the mixed characteristic case. 

In nn. 3. 5. 1-3.5.3 below we need a full subcategory FGr'i(Oo)o in FGr'(0))o- 
It consists of ^ = (G, G^) such that [ttq] ida = 0. Then the functor L induces an 
antiequivalence of this category and the full subcategory Mod'i(Oo)o of Mod'(Oo)o 
consisting of free 0-modules M such that ttqM C $(Mo-) C M. As usually, e = 
e{K/Ko) is the ramification index oi K = FracO over Kq = FracOo- 



3.5.1. Suppose e{K/Ko) — 1. 
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Introduce the category SHi(Fg)o with objects (M°, M^, (/jq, V'l), where M° is 
an 0-module of finite length such that ttqM = 0, (fo : — > is a cr-Unear 
morphism, = Kevipo, (fi : — > is a cr-linear morphism and ipo{M^) + 
ipi{M^) — M. This is an analogue of Fontaine's category of filtered modules. 

Consider the functor SH : Mod[{Oo)o — > SHi(Fg) defined by the correspon- 
dence M I— > {M^,M^,(po,(pi), where M° = MmodTToM, (po = $mod7ro and (pi is 

induced by — $. The functor SH is an equivalence of categories if > 2 and is "very 

close" to an equivalence if q = 2. This shows that strict Oo-modules have similar 
description as conventional group schemes if e = 1. Actually, one can develop the 

Dieudonnc theory in the context of strict modules and realise the approach from 
[Abl] to recover directly an analogue of Fontaine's classification of group schemes 
over Witt vectors. 

3.5.2. Suppose e ^ g — 1. 

Define the category SHi(Fg)o of the collections (M, M'^, M^, (/jq, V'l)? where 
M is an O-module of finite length killed by ttq, M° = Ker7r|M, '■ — )• 
M is a cr-linear map, = Kert^o, : — )• M is a cr-linear map, and 
(fio{M^) ®fc O + Lpi{M^) ®k O — M. This category is an analogue of the cat- 
egory SHo from [Ab3]. Consider the functor SH : Mod[{Oo)o SH(Fq)o 
defined by the correspondence M i-^ (M , , M^, (fQ, (fi), where M is the O- 

submodule in — 0®M mod ttM generated by the images of the elements of the sets 

TT 1 

{— $(m \ m e M} and {— $(m) \ m e M, $(m) = 0}. Then M° = Ker7r|jg = 

MmodTrM, <fo:M^ — ^ M is induced by — = Kertpo and (pi : — > M 

1 ^° 
is induced by — $. 

If e < g — 1 then SH is an equivalence of categories and, if e = g — 1 then SH 
is "very close" to an equivalence of categories. Again, the methods from [Ab3] can 
be used to obtain directly the classification of objects from FGr[{OQ)o via objects 
of the category SH(Fq)o- (The details will appear in W.Gibbons's thesis.) 

Notice that when working with equal characteristic case the category SH(Fq)o 
can be replaced by a simpler category SH'(Fq)c) consisting of the triples (M, M°, (p), 
where M is an O-module of finite length killed by ttq, = KerTrjjy^ and cpo '■ 
M'^ — * M is a cr-linear morphism such that ip{M'^) ® O = M. The functor SH' : 
FGri(Oo)o — ^ SH'(F5)o is defined by the correspondence M (Af , Af o, (^o), 

where M is an O-submodule in — O ® MmodTrM generated by elements of the 

1 ^° 1 

form — $m with m G M, M° = Ker7r|M = MmodTrM and (po is induced by — $ 

Tro TTo 
(this map is still cr-linear because of the equal characteristic situation). 

3.5.3. Suppose that e{K/Ko) is arbitrary. 

Introduce the category BRi(Fg)o- Its objects are the triples (M, M^, (p), where 
M is an O-module of finite length such that TroM = 0, M^ is an Oi-submodule 
in M 0o Oi, where Oi = 0[Tri] with Tr^ = Tr, and cp : — > M is a cr-linear 
map (cr is still the g-th power map) such that p{M^) = M. This category is an 
equicharacteristic version of Breuil's category Mod/5^ appeared in his classification 
of period p group schemes in the mixed characteristic case, cf. [Br] . 
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Again there is a natural functor from Mod[{Oo)o to BRi(Fg)o defined by the 

correspondence M i— > (M, M^, (p), where M = MmodTTo and (p is induced by — $. 

But one can't expect that Breuil's method works in the equal characteristic case, 
because it is based very heavily on crystalline technique. 

3.5.4. Again e{K/Ko) is arbitrary. 

Introduce an equal characteristic analogue of the concept of p-etale (^-module of 
g-heighjt 1 over 5" from [Fo4]. 

First, introduce 2nd copy Oq = Fg[[7rQ]] of Oq (actually, tTq is an analogue of [ttq]). 
Then Oq will be considered as an analogue of Zp and Oq = k[[7LQ]] is an analogue 
of Witt vectors W{k). Then consider S — Oo[[7r]], where k[[K]] = O appears as a 
subring of S. Introduce a : S — > S such that (t|oq = id and (t|o is (as earlier) the 
qth power map. 

Suppose that M is an S'-module of finite type together with an Oo'^i^^^ar map 
$ : := M ®(o,<7) O — > M. Then M is called a TTQ-etale (/^-module of ^-height 1 
(with 5 = tTq — TTo), if Coker $ is killed by multiplication by tTq ~ ^o- 

With this notation Theorem 2 establishes a description of the category of finite 
fiat strict Oo-modules over O in terms of TTg-torsion TTg-etale (^-modules of q'-height 
1. 

4. Properties of arising Galois modules. 

In this section g = {G,G^) e FGr'(Oo)o, H = G{Ksep) is OqIFk] -module of 
geometric points of G and e = e{K/Ko) — is the ramification index of K over Kq. 
We also set F^ = Gal(i^sep/-f^) and denote by Ik the inertia subgroup of F^^. 

4.1. Characters of the semisimple envelope of H . 

Suppose k is an algebraic closure of k and the character x '■ Ik — ^ k* appears 
with a nonzero multiplicity in the semisimple envelope of the Oo[Fx]-niodule H. 
An analogue of the Serre Conjecture for H can be stated as follows. 

Theorem 4. For the above character x, there are a,N E N\pN such that x = Xn' 
where a = ao + aiq + ■ ■ ■ + aN-iQ^~^ with ^ ^ e and xn '■ Ik — ^ k* is such 
that for any r G Ik, Xn{t) = t{t^n)/t^n, where £ -f^sep CLnd iVj^ = rr. 

Proof. This can be deduced in the same way as it has been obtained in the case of 
usual group schemes in [Ra]. First we can assume that k — k and e < q — 1. Then 
any simple object of the category Mod'(Oo)o appears in the form M = ®o<i<nOmj, 
where $mo = 7r"°mi, . . . , $miv-i = Tr^^-^mo and [TTojmo = • • • = [7ro]miv-i = 
with ^ tti ^ e, < z < A^. 

Then the corresponding Galois module consists of ATsep-points of the 0-algebra 
0[To,...,TAr-i], where T^^ = 7r"oTi, . . . , T^_-^ = tt^^-^Tq. It can be naturally 
identified with the Oo[Fi^]-module {ctTr^ | a e F^jv}, where a = ao + a-^q + 
••• + aN-iq^~^- Clearly, Ik acts on it via the conjugacy class of characters 
{a\% I ^ z < AT}. 

Remark. Following Raynaud's method one can deduce from the above description 
of simple objects in Mod (Oo)o that if e < g — 1 then the functor G ^ G{KsQp) is 
a fully faithful functor from Mod'(0))o to the category of Oo[F_?<:] -modules. 
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4.2. Ramification estimates. 



These estimates are given in Theorem 5 below and are completely similar to the 
known estimates in the case of conventional group schemes, cf. [Fo2] . The proof is 
based on the knowledge of "equations" of the strict module G and is done below 
by the methods of the paper [Ab4]. Notice that the methods from [Fo3] also can 
be adjusted to obtain the same estimates. 

Theorem 5. If H is killed by [kq] then the ramification subgroups F^-* act trivially 
on H forv > e ( N -\ —] - 1. 

Proof. We can assume that there is a TTo-divisible group 

{G^'^i^i of a height h m 

FGr'(C>o)o such that ^(^) =g. 

4.2.1. By the above assumption, L{Q) is a free O-module of rank hN and we 
can choose its O-basis in the form 

mi,.. .,mh, [7ro]mi, . . . , [7ro]mh, [7ro]^~^mi, . . . , [7r^~^]m/, 

Introduce vector-columns 

mi = (mi, . . . , rrihY, ...,fhN = [7r^~^]?7ii = ([7r^~^]mi, . . . , [tTq ~^]mhY 

Then, in the obvious notation, the structure of M = L(^) can be given in the 
following form 

—Ci^rfiN + —C2^niN-i + h —Cisr^mi — rfiN ^mAr-i 

TTo TTo TTo TTq 

TTo TTo TTo 



— Ci$mi = mi 

where aU Ci e GL{h, O) and det Ci ^ 0. 

Consider vector columns Xi = {Xii,...,XihY of independent variables Xij, 
l^i^N, l^j^h. Then the algebra A{G) appears as a quotient of 
0[Xi, . . . ,Xn] by the ideal generated by equations 

5^ CiX^^^_ - = ttqXs - Xs_i (5) 

where 1 ^ s ^ and by definition Xq = 0. 

Consider the points of G{Ksf;p) as solutions a = (ai, . . . , oat) of the system (5). 
The following lemma can be easily proved by induction on N. 

Lemma 5. If a = {ai, . . . ,0,^) and a' = (a'^,...,a^) are solutions o/ (4.1) such 
1 

that a = a'modTTo'^mgep, where rrisep is the maximal ideal of the valuation ring of 
KsQp, then a = a' . 
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777- 

4.2.2. Suppose a e Q>o has the p-adic valuation 0. Then a = —j-f — - with 

q'^^ — 1 

suitable m, M e N, {m,p) = 1. For any such a there is an extension Kq, of K with 
[Ka : K] = q^ and the Herbrand function 



X, for ^ x ^ q; 

x-a 

a H ^r-j—^ tor X ^ a. 



Notice that (fKa/K has only one edge point in a; = a. 

Explicit construction of Ka can be found in [Ab4], where the field Ka appears 

as an extension of K of degree q'^ in Lq = K{ttm){T), where tt^ ~^ = tt and 

T'^'^^ — T = Clearly, Ka is totaly ramified over K and, therefore, there is a 

field isomorphism 

ha : K — > Kct 

From the above construction of Kq,-, it follows easily that can be chosen in such 
a way that for any a e tuk {tuk is the maximal ideal in O), 

a = ha{aY + a, 

with a G Ka such that vk{ci) ^ fx (a) + ct (f^ is the normalized valuation in K). 

4.2.3. Denote by the same symbol an extension of ha to an isomorphism of K^e-p 
onto Ka,sep = -^sep- Clearly, X = (Xi, . . . , Xg) ^ ha{X) = {ha{Xi), ha{Xs)) 
is a one-one correspondence between solutions of the system (5) and solutions Y = 
{Yi, . . . , Ys) of the similar system 

ha{C,)Y^\,_, = ha{no)Z-Z-i (6) 

where 1 ^ s ^ A'' and by definition Yq — 0. 



Lemma 



6. If a > e H — 1, then for any solution of (5) there is 



a unique solution Y'^^^ of (6) such that X'^^'^ = modTTg ^rusep 

Proof of lemma, the correspondence Y Z = Y'^ — X^^'' establishes a one-one 
correspondence between solutions Y of (5) and solutions Z — (Zi, . . . , Zg) of the 
system of equations 

dZt+i-i = ^oZs - Zs-i + Fs (7) 

where 1 ^ s ^ A, Zq = and 

Fs = TToY^ - Y CiY^\i-i^^o ' rn,,p 

because vk{t^o), vxiCi) '^l + a>e^-\ 

Now induction on s shows that the system (7) has a unique solution Z with 

1 

coordinates in TTp'^mgep. 
Lemma is proved. 

With the above notation and assumptions we have the following corollary. 
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Corollary. Suppose E, resp. Ea, is obtained by joining to K, resp. K^, all 
coordinates of all solutions of the system of equations resp. (4-2), in K^ep. 

Then EK^ = E^. 

4.2.4. For any finite extension F C L in K^ep, let v{L/F) be the minimal rational 
number such that the ramification groups Fp^ act trivially on L for v > v{L/F). 

Proposition 7. With the above notation there is the following inequality 

1 



v(E/K) ^e{N + 



q-1 



Proof. Suppose this inequality does not hold. Then there is a rational number a 
satisfying the assumptions from the beginning of n.4.2.2 and the inequalities 

v{E/K) > a > e ( iV + - 1. 



q-1 

Notice that Eq, = EKq, implies that 

v{EjK) = msDc{viE/K),v{KjK)} = v{E/K) 

On the other hand, looking at the maximal edge points of Herbrand functions 
from the identity ^e„/k = ^e^/k„ ° ^k^/k, we obtain that 

v{Eo,/K) = mB^{v{KjK),^KjK{v{Eo,/K^))] = 
max \ a, — + a \ < v{E/K) 



because v{E/K) = v{Ea/ K^). Contradiction. 
Theorem 5 is proved. 

4.3. As it was noticed in n.3.5.1, if e = 1 then killed by [ttq] strict Oo-modules 
behave very similarly to group schemes of period p over Witt vectors. For this 
reason, one can apply directly methods from [Ab2] to prove the following result. 

Theorem 6. Suppose H is an ¥ q\r K\-fnodule such that 

a) the action of inertia subgroup of Tk on the semisimple envelope of H is given 
by characters, which satisfy Serre's Conjecture, cf. Theorem 4; 

b) the ramification subgroups F^^ act trivially on H if v > (i.e. the ramifi- 
cation estimate from Theorem 5 holds for H). 

Then there is an g = {G, G^) e FGr'(Oo)o such that H ~ G{Ksep). 
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